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ABS TRACT 

The impedance and t h e  r a d i a t i o n  f i e l d  of  a s h o r t  a n t e n n a ,  which 

c o n s i s t s  of  two s p h e r i c a l  conductors  e x c i t e d  through v e r y  t h i n  w i r e s  

i n  phase o p p o s i t i o n ,  i s  c a l c u l a t e d .  I n  t h e  c a l c u l a t i o n s  t h e  p r e s s u r e  

t e n s o r  i s  r e p l a c e d  by a s c a l a r  p r e s s u r e .  A d i s c o n t i n u o u s  model of t h e  

i o n  s h e a t h  i s  used. 

The l o s s e s  due t o  t h e  r a d i a t i o n  of e l e c t r o m a g n e t i c  and e l e c t r o n -  

a c o u s t i c  waves a r e  c a l c u l a t e d  and a r e  expressed  i n  terms of  e q u i v a l e n t  

se r ies  r e s i s t a n c e s .  The o p e r a t i o n  of resonance probes i s  d i s c u s s e d .  

It  i s  shown t h a t  t h e i r  resonant  f requency i s  w e l l  below t h e  e l e c t r o n  

plasma frequency i f  t h e  probe r a d i u s  i s  much l a r g e r  t h a n  t h e  Debye 

l e n g t h .  The s i g n i f i c a n c e  of  t h i s  r e s u l t  t o  b o t h  p a s t  and f u t u r e  

i o n o s p h e r i c  r o c k e t  probe experiments  i s  p o i n t e d  o u t .  The l i m i t a t i o n s  

o f  t h e  p r e s e n t  t r e a t m e n t  a r e  d i s c u s s e d .  



The I n t e r a c t i o n  of an  Antenna w i t h  a Plasma and 

t h e  Theory of Resonance Probes 

1. I n t r o d u c t i o n  

It i s  customary i n  t h e  theory of  an tennas  embedded i n  a plasma t o  

t r e a t  t h e  plasma a s  a d i e l e c t r i c .  

c o n s t a n t  of t h e  plasma would be a t e n s o r  w i t h  complex e lements ;  i n  t h e  

absence o f  an e x t e r n a l  magnetic f i e l d  a s c a l a r  d i e l e c t r i c  c o n s t a n t  would 

be s u f f i c i e n t .  T h i s  type  o f  approach i s  known t o  b e ,  a t  i t s  b e s t ,  on ly  

a n  approximation ( c . f . ,  f o r  example S a l p e t e r  and Makinson 1949).  The 

c o r r e c t  p rocedure  would be t h e  s o l u t i o n  of  a combinat ion of t h e  Boltzmann 

e q u a t i o n  w i t h  Maxwell 's  e q u a t i o n s .  

w i t h  almost  i n s u p a r a b l e  d i f f i c u l t i e s .  

I n  i t s  most g e n e r a l  form t h e  d i e l e c t r i c  

U n f o r t u n a t e l y  t h i s  p a t h  i s  b e s e t  

A compromise o f f e r s  i t s e l f  i n  t h e  form of  t h e  s o - c a l l e d  hydrodynamic 

approximation i n  which t h e  p r e s s u r e  t e n s o r  o f  a plasma i s  r e p l a c e d  by 

a s c a l a r  p r e s s u r e  ( S p i t z e r  1962; p . 2 4 ) .  I n  t h i s  paper  t h e  problem of 

a s p h e r i c a l  antenna ( o r  more c o r r e c t l y  two s p h e r e s  e x c i t e d  i n  phase 

o p p o s i t i o n  through v e r y  t h i n  wires) i s  t r e a t e d  by t h e  a p p l i c a t i o n  o f  

t h e  hydrodynamic approximation t o  a r e l a t i v e l y  c rude  model of  t h e  plasma 

s h e a t h .  Although t h i s  type of t r e a t m e n t  n e g l e c t s  such e f f e c t s  a s  Landau 

damping, i t  i s  b e l i e v e d  t o  d e s c r i b e  most of  t h e  e s s e n t i a l  a s p e c t s  of  

t h e  i n t e r a c t i o n  between t h e  antenna and t h e  plasma. For o t h e r  a p p l i c a t i o n s  

o f  t h e  same type  of t r e a t m e n t  the r e a d e r  i s  r e f e r r e d  t o  p a p e r s  by Gould 

(1959) ,  F e j e r  (1963) ,  and Nicke l ,  P a r k e r ,  and Gould (1963).  The p r e s e n t  

a n a l y s i s  and i t s  c o n c l u s i o n s  a re  e n t i r e l y  d i f f e r e n t  from t h o s e  of  Whale 

(1963) who a l s o  t r e a t e d  t h e  e x c i t a t i o n  of  e l e c t r o n - a c o u s t i c  waves by 
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i n t r o d u c i n g  t h e  concept  of  an i s o t r o p i c  p r e s s u r e .  Whale assumed t h e  

e x i s t e n c e  o f  i n t e r a c t i o n  between t h e  f l u c t u a t i n g  q u a s i - e l e c t r o s t a t i c  

f i e l d  and t h e  e l e c t r o n - a c o u s t i c  waves throughout  t h e  uniform plasma. 

I n  t h e  p r e s e n t  t r e a t m e n t  t h e  only i n t e r a c t i o n  i s  taken  t o  occur  a t  

t h e  i n n e r  boundary ( i n  r e a l i t y  i n  t h e  s h e a t h ) .  Within t h e  uniform 

plasma t h e  e l e c t r o n - a c o u s t i c  wave and t h e  e l e c t r o m a g n e t i c  wave ( o r  i n  

t h e  p r e s e n t  l i m i t  t h e  q u a s i - e l e c t r o s t a t i c  f i e l d )  propagate  independent ly  

( c . f . ,  f o r  example Ginzburg 1961) and t h e r e f o r e  cannot  i n t e r a c t  i n  terms 

o f  t h e  hydrodynamic approximation.  

2 .  The E x c i t a t i o n  of  Elec t ron-Acous t ic  Waves 

I t  i s  assumed t h a t  t h e  unperturbed e l e c t r o n  c o n c e n t r a t i o n  i s  z e r o  

f o r  r i  R and N f o r  r ,> R. The d i s t a n c e  r i s  measured from t h e  o r i g i n  

of  a c o o r d i n a t e  system. T h i s  i s  a d m i t t e d l y  a r a t h e r  a r t i f i c i a l  model 

of  t h e  unper turbed  i o n  s h e a t h .  It e f f e c t i v e l y  assumes an a b r u p t  

p o t e n t i a l  b a r r i e r  ( t h i s  could b e  v i s u a l i z e d  a s  a h y p o t h e t i c a l  double-  

l a y e r  f o r m e d f r m  i n f i n i t e l y  heavy p o s i t i v e  and n e g a t i v e  i o n s )  a t  r = R 

which p r e v e n t s  t h e  p e n e t r a t i o n  o f  e l e c t r o n s  i n s i d e  t h e  sphere  a t  r = R. 

It  i s  c l e a r  t h a t  t h e  r a d i a l  component of t h e  mean e l e c t r o n  v e l o c i t y  must 

v a n i s h  a t  r = R. Immediately i n s i d e  t h e  s h e a t h  t h e r e  i s  assumed t o  be 

a s p h e r i c a l  conductor  whose ( q u a s i - e l e c t r o s t a t i c )  p e r t u r b a t i o n  p o t e n t i a l  

i s  t a k e n  t o  be a harmonic f u n c t i o n  of  t h e  t i m e .  ( I n  p r i n c i p l e  t h e  

r a d i u s  o f  t h e  conductor  could  b e  taken  a s  s m a l l e r  t h a n  R w i t h o u t  e s s e n t i a l l y  

modifying t h e  a n a l y s i s ;  t h i s  w i l l  n o t  be done h e r e . )  S i n c e  t h e r e  i s  

no mean r a d i a l  motion o f  t h e  e l e c t r o n s  a t  r = R ,  t h e r e  i s  no f l u c t u a t i n g  
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charged s u r f a c e  l a y e r  t h e r e  and t h e r e f o r e  both  t h e  p e r t u r b a t i o n  p o t e n t i a l  

and i t s  normal d e r i v a t i v e  must be cont inuous  a t  r = R. I n s i d e  t h e  

plasma t h e  e q u a t i o n  

i s  t a k e n  t o  be v a l i d  where m i s  t h e  mass, e t h e  a b s o l u t e  v a l u e  o f  t h e  

c h a r g e ,  N t h e  unper turbed  number d e n s i t y  and n t h e  p e r t u r b a t i o n  i n  

t h e  number d e n s i t y  of  e l e c t r o n s  ( f a c t o r s  e"'are t a k e n  f o r  g r a n t e d  i n  

n and i n  V) K i s  Boltzmann's c o n s t a n t ,  T i s  t h e  tempera ture ,  and where 

t h e  r a t i o  of t h e  s p e c i f i c  h e a t s  i s  t a k e n  a s  3 ( S p i t z e r  1962).  A 

combinat ion of t h e  d ivergence  of e q u a t i o n  (1) w i t h  t h e  e q u a t i o n  of 

c o n t i n u i t y ( s a t i s f i e d  by t h e  v e l o c i t y  v of  t h e  e l e c t r o n  gas)  

l e a d s  t o  

A combinat ion o f  e q u a t i o n  (3 )  and P o i s s o n ' s  e q u a t i o n  i n  s p h e r i c a l  

c o o r d i n a t e s  and w i t h  s p h e r i c a l  symmetry: 

l e a d s  t o  



- 5 -  

I 

f requency and 4 = (xK%)’is t h e  v e l o c i t y  of e l e c t r o n - a c o u s t i c  waves 

i n  t h e  h i g h  frequency l i m i t  (o>>Qb). 
The g e n e r a l  s o l u t i o n ,  which v a n i s h e s  a t  i n f i n i t y ,  o f  t h e  d i f f e r e n t i a l  

e q u a t i o n s  ( 4 )  and (5) h a s  the form 

1’ 

2 

where t h a t  p a r t  o f  t h e  s o l u t i o n  which i s  a s s o c i a t e d  w i t h  t h e  c o n s t a n t  C 

d e s c r i b e s  an e l e c t r o n - a c o u s t i c  wave, whereas t h e  p a r t  a s s o c i a t e d  w i t h  C 

d e s c r i b e s  a q u a s i - e l e c t r o s t a t i c  f i e l d  ( t h e  s o - c a l l e d  i n d u c t i o n  f i e l d )  

which i s  a good approximation to  t h e  e l e c t r o m a g n e t i c  wave f i e l d  w i t h i n  

d i s t a n c e s  v e r y  much s h o r t e r  than a wave l e n g t h  from t h e  an tenna ,  

The boundary c o n d i t i o n  v = 0 a t  r = R y i e l d  w i t h  t h e  a i d  of 

e q u a t i o n  (1) 

S u b s t i t u t i o n  of n and V from e q u a t i o n s  (6) and (7)  i n t o  e q u a t i o n  (8) 

l e a d s  t o  t h e  r e l a t i o n  

S u b s t i t u t i o n  o f  C from equat ion  (9) i n t o  e q u a t i o n s  (6) and (7) l e a d s  t o  

t h e  f o l l o w i n g  r e l a t i o n s h i p  between t h e  p e r t u r b a t i o n  i n  t h e  number d e n s i t y  

and t h e  p e r t u r b a t i o n  p o t e n t i a l  V a t  r = R: 

2 
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S i m i l a r l y ,  t h e  e f f e c t i v e ,  complex c a p a c i t y  of t h e  conductor ,  d e f i n e d  

h e r e  a s  t h e  r a t i o  of t h e  charge on t h e  conductor  t o  t h e  p o t e n t i a l  V(R) 

of  t h e  conductor  i s  g iven  by 

Equat ions  ( 6 ) ,  (7) ,  ( 9 ) ,  ( l o ) ,  and (11) r e p r e s e n t  t h e  main r e s u l t s  

o f  t h i s  paper  and a d i s c u s s i o n  of  t h e i r  s i g n i f i c a n c e  fo l lows  h e r e .  

Equat ion  (11) may a l s o  be used t o  c a l c u l a t e  t h e  impedance z = ( c ' W 6  ji 
o f  t h e  an tenna .  The energy loss  due t o  t h e  r a d i a t i o n  of  e l e c t r o m a g n e t i c  

e ff e f f  

waves h a s  n o t  a s  y e t  been included i n  t h e  a n a l y s i s ;  t h i s  w i l l  be done i n  

a subsequent  p a r t  of t h e  p r e s e n t  p a p e r .  The r e s i s t i v e  p a r t  of t h e  

impedance Z r e p r e s e n t s  on ly  t h e  energy  lo s s  due t o  t h e  " r a d i a t i o n "  

o f  e l e c t r o n - a c o u s t i c  waves. 

e f f  

It  i s  convenient  t o  express  t h e  impedance Z a s  a f u n c t i o n  of e f f  

t h e  parameters  )'= (4nc7k'J-'(the f r e e  space  r e a c t a n c e  o f  a sphere  of 

r a d i u s  R) , 3' I \  Kf?!(the r a t i o  of t h e  r a d i u s  R t o  8" t i m e s  t h e  Debye 

l e n g t h ,  and 

plasma f requency) .  The r e s u l t  i s  I 

r z, - I  1 

y/=Q/uN ( t h e  r a t i o  of t h e  frequency t o  t h e  e l e c t r o n  

It i s  c l e a r  from e q u a t i o n  (12) t h a t  Z i s  p u r e  imaginary f o r  e f f  

The absence of a l o s s  term i s  e x p l a i n e d  i n  t h i s  c a s e  

by t h e  absence of p r o p a g a t i n g  e l e c t r o n - a c o u s t i c  waves. It may be seen 

1 or&r'--4) " 

from e q u a t i o n  (12) t h a t  t h e  impedance becomes i n f i n i t e l y  h i g h  a t  t h e  

plasma frequency and t h a t  the impedance v a n i s h e s  a t  t h e  f requency where 
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2 -: 
I ---- 6 P I 6 ( /  - p ) = 

3 

. More w i l l  be s a i d  about  t h e  s i g n i f i c a n c e  

o f  t h i s  f requency l a t e r .  A t  very low f r e q u e n c i e s  Z 

and t h u s  t h e  impedance i s  smal le r  than  t h e  f r e e  space impedance by a 

f a c t o r  (1 +&)-I. 

= - i 'f(1 + $ ) - I  e f f  

It i s  unders tandable  t h a t  t h e  e f f e c t i v e  c a p a c i t y  of  

t h e  sphere  i s  l a r g e r  a t  low f r e q u e n c i e s  than  t h e  f r e e  space c a p a c i t y  

because t h e  a l t e r n a t i n g  e l e c t r i c  f i e l d  does n o t  extend t o  i n l i n i t y  but  

i s  conf ined  t o  w i t h i n  t h e  plasma s h e a t h  which i n  t h e  c a s e  of l a r g e  r q  

i s  much s m a l l e r  than  t h e  r a d i u s .  F i g u r e  1 shows f o r  .<- t h e  r a t i o  

of  t h e  imaginary p a r t  o f  Z 

magnitude y' of  t h e  f r e e  space r e a c t a n c e  a s  a f u n c t i o n  of  t h e  r a t i o  

w=4.'/kb of t h e  frequency t o  t h e  e l e c t r o n  plasma frequency f o r  

d i f f e r e n t  v a l u e s  of t h e  r a t i o  

curve f o r d  

( t h e  r e a l  p a r t  i s  z e r o  f o r  F--- 1) t o  t h e  e f f  

o f  t h e  r a d i u s  t o  ? ' Debye l e n g t h  The 

oa r e p r e s e n t s  the well-known approximat ion  i n  which thermal  

motions a r e  n e g l e c t e d  and the plasma i s  t r e a t e d  a s  a d i e l e c t r i c  w i t h  an 

e f f e c t i v e  d i e l e c t r i c  c o n s t a n t  f G  (1 -oNL)h7 
F o r p > /  i t  i s  convenient  t o  w r i t e  e q u a t i o n  (12)  i n  t h e  form 

Figure  1 a l s o  shows t h e  r e a l  and t h e  imaginary p a r t s  of Z f o r  

( i n  u n i t s  o f y  ) a s  a f u n c t i o n  of  v ,  f o r  d i f f e r e n t  v a l u e s  of s . 
The c a s e  of  s-00 a g a i n  r e p r e s e n t s  t h e  approximat ion  i n  which thermal  

e f f  

motions a r e  n e g l e c t e d  and t h e  plasma i s  regarded  a s  a d i e l e c t r i c .  The 

c u r v e s  of F ig .  1 show t h e  presence of a r e s i s t i v e  component of  t h e  

impedance f o r  f i n i t e  v a l u e s  of . The r e s i s t i ve ,  ohmical component 

r e p r e s e n t s  t h e  energy lo s s  caused by t h e  g e n e r a t i o n  of  e l e c t r o n - a c o u s t i c  



f .  
. 
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waves. 

3 .  The R a d i a t i o n  of  Elec t romagnet ic  Waves by Two S p h e r i c a l  Conductors 

E x c i t e d  i n  Antiphase 

The a n a l y s i s  of  t h i s  paper  c a n  be extended t o  i n c l u d e  r a d i a t i o n  

l o s s e s  due t o  e l e c t r o m a g n e t i c  waves. The a n a l y s i s  of e l e c t r o m a g n e t i c  

r a d i a t i o n  by s p h e r e s  o s c i l l a t i n g  i n  a n t i p h a s e  i s  o f  c o u r s e  somewhat 

a r t i f i c i a l  because i n  p r a c t i c e  an tennas  r e s a n b l e c y l i n d r i c a l  c o n d u c t o r s ,  

r a t h e r  t h a n  two s p h e r i c a l  conductors  e x c i t e d  i n  a n t i p h a s e  through t h i n  

w i r e s  whose c a p a c i t y  i s  neglec ted  h e r e .  It  i s ,  however, r e l a t i v e l y  

s imple  t o  extend t h e  p r e s e n t  a n a l y s i s  t o  c y l i n d r i c a l  c o n d u c t o r s ,  a t  

l e a s t  i n  an approximate manner; t h i s  e x t e n s i o n  whose r e s u l t s  may be 

e x p r e s s e d  i n  terms of  Besse l  f u n c t i o n s ,  i s  n o t  c a r r i e d  o u t  i n  t h e  

p r e s e n t  paper .  The a n a l y s i s  of s p h e r e s  o s c i l l a t i n g  i n  a n t i p h a s e  i s  

c o n s i d e r a b l y  s impler  and i t  i l l u s t r a t e s  t h e  n a t u r e  of t h e  problem 

r a t h e r  w e 1  1. 

I f  t h e  d i s t a n c e  D of t h e  t w o  s p h e r e s  i s  much s m a l l e r  t h a n  t h e  

e l e c t r o m a g n e t i c  wave l e n g t h  (and a t  t h e  same t i m e  R<<D) t h e n  t h e  

q u a s i - e l e c t r o s t a t i c  f i e l d  a t  a d i s t a n c e  r >> D on t h e  l i n e  connec t ing  

t h e  s p h e r e s  i s  2C D / r 3 ,  where C / r  i s  t h a t  p a r t  o f  t h e  p o t e n t i a l  g i v e n  

by e q u a t i o n  ( 7 )  which could  be regarded  a s  an  approximation t o  t h e  

2 2 

r a d i a t i o n  f i e l d  of a s p h e r i c a l  r a d i a t o r  a t  d i s t a n c e s  much s m a l l e r  t h a n  

t h e  wave l e n g t h .  A t  d i s t a n c e s  much l o n g e r  t h a n  a wave l e n g t h  and i n  

t h e  p l a n e  t h a t  p e r p e n d i c u l a r l y  b i s e c t s  t h e  l i n e  connec t ing  t h e  two 

s p h e r e s ,  t h e  magnitude E of t h e  r a d i a t i o n  e l e c t r i c  f i e l d  of t h e  d i p o l e  
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an tenna  i s  t h e n  g i v e n  by 

The r a d i a t i o n  magnet ic  f i e l d  H i s  g iven  by 

where k i s  t h e  wave number and c i s  t h e  v e l o c i t y  of  e l e c t r o m a g n e t i c  

waves i n  vacuum. Equat ions  (15) and (16) were d e r i v e d  by f i t t i n g  t h e  

q u a s i - e l e c t r o s t a t i c  d i p o l e  f i e l d  t o  t h e  r a d i a t i o n  f i e l d  of a d i p o l e  

( S t r a t t o n  1941) i n  a medium with a d i e l e c t r i c  c o n s t a n t  5 (1-l~~ /&) 

Equat ions  ( 6 ) ,  (7) ,  and (9) can t h e n  be used t o  e x p r e s s  C i n  terms of 

V(R) ,  t h e  a l t e r n a t i n g  p o t e n t i a l  o f  one of  t h e  s p h e r e s  o r  i n  terms of 

2 1) 

0 k/ 1. 
2 

t h e  c u r r e n t  s u p p l i e d  t o  t h e  s p h e r i c a l  conductors  I = i d C e f f V ( R )  where 

C e f f  i s  g i v e n  by (11). 

i n  terms of I ,  and t h e  t o t a l  r a d i a t e d  power P may be found by i n t e g r a t i o n  

The Poynting v e c t o r  .s x s  may t h e n  be expressed  

over  a very  l a r g e  sphere .  The r e s u l t  i s  

and t h e r e f o r e  t h e  r e s i s t i v e  component of t h e  antenna impedance ( t h e  

r a d i a t i o n  r e s i s t a n c e )  due t o  the r a d i a t i o n  of e l e c t r o m a g n e t i c  waves i s  

The r e s i s t i v e  component due t o  e l e c t r o n - a c o u s t i c  waves i s  g i v e n  by 
I - -  e q u a t i o n  (14) a s  
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i s  z e r o  a t  t h e  e l e c t r o n  plasma ?w Equat ions  (18) and (19) show t h a t  

f requency and i n c r e a s e s  r a p i d l y  w i t h  frequency whereas p& i s  i n f i n i t e l y  

h i g h  a t  t h e  plasma frequency and d e c r e a s e s  r a p i d l y  w i t h  frequency.  

Fm is the 
It i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  e x p r e g s i o n  (17) f o r  

same a s  t h e  e x p r e s s i o n  f o r  t h e  r a d i a t i o n  r e s i s t a n c e  o f  a s h o r t  antenna 

of  l e n g t h  D (whose c a p a c i t y  i s  e n t i r e l y  a t  i t s  e x t r e m i t i e s )  s i t u a t e d  i n  

a medium w i t h  a d i e l e c t r i c  constantz$-(LJ /w . 
r e s u l t  i n  v i e w  of t h e  f a c t  t h a t  i n  t h e  c a l c u l a t i o n  of  t h e  se r ies  r e a c t i v e  

p a r t  o f  t h e  antenna impedance the plasma can  n o t  be r e p l a c e d  by a medium 

T h i s  i s  a s i g n i f i c a n t  If 27 

2 2  w i t h  a d i e l e c t r i c  c o n s t a n t  E (/-khb?). 
0 

4 .  A p p l i c a t i o n  t o  Resonance Probes 

The r e s u l t s  of  t h e  prev ious  s e c t i o n  may be used t o  draw some 

t e n t a t i v e  b u t  v e r y  impor tan t  conclus ions  about  t h e  behavior  of  resonance 

p r o b e s  (Miyazaki e t  a l ,  1960) .  I n  such probes  t h e  change i n  t h e  c o l l e c t e d  

d i r e c t  c u r r e n t ,  caused by t h e  a p p l i c a t i o n  of  a r a d i o  frequency v o l t a g e  

i s  measured a s  a f u n c t i o n  of the r a d i o  frequency.  It  h a s  been u s u a l l y  

a c c e p t e d  (Miyazaki e t  a l ,  1960) a s  an  exper imenta l  f a c t  t h a t  t h e  change 

i n  t h e  c o l l e c t e d  c u r r e n t  shows a r e s o n a n t  i n c r e a s e  a t  t h e  plasma frequency.  

I n  t h i s  s e c t i o n  t h e  p o i n t  of view i s  t a k e n  t h a t  t h e  change i n  t h e  

c o l l e c t e d  d i r e c t  c u r r e n t  i s  due t o  r e c t i f i c a t i o n  c a u s e  by t h e  n o n - l i n e a r  

c h a r a c t e r i s t i c  of  a Langmuir probe. The ampl i tude  o f  t h e  r a d i o  frequency 

v a r i a t i o n s  i n  t h e  c o l l e c t e d  c u r r e n t  w i l l  be p r o p o r t i o n a l  t o  t h e  

f l u c t u a t i o n s  n(R) i n  t h e  number d e n s i t y  ( i n  a more a c c u r a t e  t r e a t m e n t  

t h e  f l u c t u a t i o n  i n  tempera ture  would a l s o  have t o  be taken  i n t o  account  
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b u t  t h e s e  would i n  any c a s e  be p r o p o r t i o n a l  t o  t h e  f l u c t u a t i o n s  i n  

number d e n s i t y )  and t h e r e f o r e  equat ion  (10) should r e a l l y  g i v e  t h e  

c h a r a c t e r i s t i c s  o f  a resonance probe.  Using t h e  parameters  2 and 
/’ 

4 

, e q u a t i o n  (10) may be w r i t t e n  i n  t h e  form 

Equat ion  (19) shows t h a t  n(R) becomes i n f i n i t e l y  l a r g e  a t  t h e  f requency 

f o r  which ! 

This  shows t h a t  resonance o c c u r s  n e a r  t h e  e l e c t r o n  plasma frequency 

(y-1 ) only  w h e n A 7 7 1 ;  f o r  l a r g e  v a l u e s  of  

w e l l  below t h e  plasma frequency. F i g .  2 shows (e c~‘//w,‘€-~) /f?’l(R),’’kTR$ 
a s  a f u n c t i o n  of 

t h e  resonance occurs  

1 

f o r  two va lues  of  b . Fig.  2 i l l u s t r a t e s  t h a t  

resonance o c c u r s  w e l l  below the plasma frequency when t h e  probe  r a d i u s  

i s  much l a r g e r  t h a n  t h e  Debye l e n g t h .  The r e s o n a n t  f requency g iven  by 

(20) i s  t h e  same a s  t h e  p r e v i o u s l y  d i s c u s s e d  frequency where t h e  impedance 

o f  t h e  probe v a n i s h e s .  

The p r e s e n t  a n a l y s i s  c l e a r l y  l e a d s  t o  t h e  c o n c l u s i o n  t h a t  t h e  

r e s o n a n t  response  of  t h e  probe does n o t  occur  a t  t h e  plasma f requency ,  

a s  l a b o r a t o r y  and space experiments  a r e  a l l e g e d  t o  show, b u t  always 

below t h e  plasma frequency.  Large e r r o r s  could  t h u s  occur  i n  r o c k e t  

i n v e s t i g a t i o n s  of e l e c t r o n  c o n c e n t r a t i o n  i n  which t h e  r e s o n a n t  f requency 

was i d e n t i f i e d  w i t h  t h e  plasma f requency ,  e s p e c i a l l y  i f  t h e  r a d i u s  of  t h e  

probe  were much l a r g e r  t h a n  the Debye l e n g t h .  F o r t u n a t e l y  a r e l a t i v e l y  



- 4  

. 
- 12  - 

s m a l l  sphere  (R = 1 cm) was used i n  t h e  i o n o s p h e r i c  exper iments  (Aono 

e t  a l ,  1962)  r e p o r t e d  so f a r .  

A d i s c u s s i o n  of  t h e  p h y s i c a l  n a t u r e  o f  t h i s  resonance sheds  some 

l i g h t  on t h e  r e a s o n s  f o r  t h e  occurrence of t h e  resonance w e l l  below t h e  

plasma frequency.  It i s  c l e a r  from e q u a t i o n  (7)  t h a t  t h e  e l ec t r i c  f i e l d  

of t h e  probe c o n s i s t s  of two p a r t s .  One i s  s imply a q u a s i - e l e c t r o s t a t i c  

f i e l d  which a t  s h o r t  d i s t a n c e s  i s  t h e  approximate form o f  t h e  r a d i a t i o n  

f i e l d  f o r  f r e q u e n c i e s  above t h e  plasma frequency whi le  t h e  o t h e r  i s  t h e  

f i e l d  a s s o c i a t e d  w i t h  an  e l e c t r o k a c o u s t i c  wave which i s  evanescent  a t  

f r e q u e n c i e s  below t h e  plasma frequency. 

A t  v e r y  low f r e q u e n c i e s  the q u a s i - e l e c t r o s t a t i c  f i e l d  becomes v e r y  

s m a l l  compared t o  t h e  f i e l d  of t h e  evanescent  e l e c t r o n - a c o u s t i c  wave. 

This means t h a t  t h e  a l t e r n a t i n g  charge  on t h e  conduct ing  s p h e r e  i s  

p e r f e c t l y  s h i e l d e d  by a s u i t a b l e  (cont inuous)  m o d i f i c a t i o n  o f  t h e  s h e a t h .  

A s  t h e  f requency i s  i n c r e a s e d ,  t h e  s h i e l d i n g  becomes less  p e r f e c t  and 

a p o t e n t i a l  C / r  appears  o u t s i d e  t h e  s h e a t h .  The p r e s e n t  t h e o r y  shows 

t h a t  t h e  o u t s i d e  f i e l d  opposes i n  phase  t h e  f i e l d  w i t h i n  t h e  s h e a t h .  

With i n c r e a s i n g  frequency a s i t u a t i o n  i s  reached e v e n t u a l l y  where t h e  

p o t e n t i a l  drop o u t s i d e  t h e  shea th  j u s t  b a l a n c e s  t h e  p o t e n t i a l  drop 

i n s i d e  so t h a t  no e x c i t i n g  v o l t a g e  i s  r e q u i r e d  on t h e  conductor ;  t h i s  

i s  t h e  c o n d i t i o n  f o r  resonance.  

2 

It i s  c l e a r  t h a t  w i t h  t h e  same s h i e l d i n g  f a c t o r  ' ' ( d e f i n e d  a s  

t h e  r a t i o  of t h e  charge i n  t h e  s h e a t h  t o  t h e  charge  on t h e  conductor )  

t h e  r a t i o  ; of t h e  p o t e n t i a l  drop o u t s i d e  t o  t h e  p o t e n t i a l  drop i n s i d e  

t h e  s h e a t h  w i l l  i n c r e a s e  a s  the r a t i o  of  t h e  sphere  r a d i u s  R t o  t h e  
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s h e a t h  t h i c k n e s s  'C i n c r e a s e s .  The r e l a t i o n  

t o  apply  i f  a l l  t h e  s h i e l d i n g  charges a r e  assumed t o  be on t h e  sphere  

r = R + t .  This  i s  t h e  p h y s i c a l  e x p l a n a t i o n  f o r  t h e  dependence of  t h e  

r a t i o  o f  t h e  r e s o n a n t  frequency t o  t h e  plasma frequency on t h e  r a t i o  of 

t h e  Debye l e n g t h  t o  t h e  probe r a d i u s .  

=(/-l.$x r may be shown 

An a l t e r n a t i v e ,  s i m p l e r  but  l e s s  q u a n t i t a t i v e ,  e x p l a n a t i o n  i s  t h a t  

t h e  r e s o n a n t  f requency o f  t h e  probe i s  lowered by a t i g h t  c o u p l i n g  t o  

t h e  medium. For a v e r y  smal l  probe which i s  weakly coupled t o  t h e  

med ium,  t h e  r e s o n a n t  f requency w i l l  be n e a r l y  e q u a l  t o  t h e  plasma 

frequency.  A l a r g e r  probe h a s  a lower r e s o n a n t  f requency because i t  

i s  more t i g h t l y  coupled t o  t h e  plasma. 

5 - Conclusions 

The s imple a n a l y s i s  of t h i s  paper  l e a d s  t o  c e r t a i n  i n t e r e s t i n g  and 

s i g n i f i c a n t  r e s u l t s  about  t h e  behavior  of  an tennas  i n  plasmas and about  

t h e  i n t e r p r e t a t i o n  of o b s e r v a t i o n s  w i t h  t h e  a i d  o f  resonance p r o b e s  i n  

plasmas.  It i s  shown t h a t  resonance does n o t  t a k e  p l a c e  a t  t h e  plasma 

frequency and t h a t  prev ious  measurements made by t h e  r e s o n a n t  probe  

method may have t o  be r e i n t e r p r e t e d .  I n  p r i n c i p l e  both  t h e  c o n c e n t r a t i o n  

and t h e  e l e c t r o n  tempera ture  could be determined by s imul taneous  

measurements of t h e  r e s o n a n t  f r e q u e n c i e s  of two r e s o n a n t  p r o b e s  of  

d i f f e r e n t  s i z e .  The same informat ion  could be o b t a i n e d  from a s i n g l e  

probe i f  an a d d i t i o n a l  measurement (such a s  t h e  a d d i t i o n a l  d i r e c t  

c u r r e n t  a t  very  low f requencies )  was made b e s i d e s  t h e  d e t e r m i n a t i o n  of  

the  r e s o n a n t  f requency.  Impedance measurements ( n o t  n e c e s s a r i l y  above 

t h e  plasma frequency)  could a l s o  be used t o  de te rmine  t h e  e l e c t r o n  
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c o n c e n t r a t i o n  and t h e  e l e c t r o n  tempera ture .  It  i s  t o  be remembered, 

however, t h a t  t h e  r e s u l t s  o f  t h i s  paper  must be regarded a s  merely 

s e m i - q u a n t i t a t i v e  i n  v i e w  of the  o v e r s i m p l i f i e d  n a t u r e  of t h e  under- 

l y i n g  assumptions.  

The p r e s e n t  t r e a t m e n t  could ,  i n  p r i n c i p l e ,  be f u r t h e r  r e f i n e d  by 

u s i n g  a more s o p h i s t i c a t e d  model of t h e  s h e a t h  even i f  t h e  use  of  a 

s c a l a r  p r e s s u r e  t e r m  w e r e  r e t a i n e d .  The t r e a t m e n t  could a l s o  be a p p l i e d ,  

i n  p r i n c i p l e ,  t o  conductors  which have o t h e r  shapes t h a n  s p h e r i c a l .  

The most s e v e r e  shortcoming of t h e  p r e s e n t  approach i s  undoubtedly t h e  

u s e  of a s c a l a r  p r e s s u r e  term and i t  i s  t o  be hoped t h a t  a c a l c u l a t i o n  

w i t h  t h e  a i d  of  t h e  c o l l i s i o n l e s s  Boltzmann e q u a t i o n  w i l l  be a t tempted  

i n  t h e  f u t u r e .  It i s  a l s o  t o  be hoped t h a t  t h e  c o n c l u s i o n s  of  t h e  

p r e s e n t  paper  w i l l  be submit ted soon t o  a n  e x p e r i m e n t a l  check. 
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CAPTIONS 

F i g .  1. The r a t i o s  of  t h e  r e a l  ( i n t e r r u p t e d  l i n e )  and imaginary 

( s o l i d  l i n e )  p a r t s  of t h e  impedance t o  t h e  magnitude of t h e  f r e e  space 

r e a c t a n c e  a s  f u n c t i o n s  of  t h e  r a t i o  of t h e  r a d i o  frequency t o  t h e  

e l e c t r o n  plasma frequency.  

F i g .  2 .  The d imens ionless  q u a n t i t y  (?~,tV!E)/”rdR)/‘~@ich 2 1  2 i s  

p r o p o r t i o n a l  t o  t h e  number d e n s i t y  f l u c t u a t i o n s  ( l ( R )  produced by a 

g i v e n  RF v o l t a g e  V ( R ) ,  a s  a f u n c t i o n  o f  t h e  r a t i o  of  t h e  r a d i o  

frequency t o  t h e  e l e c t r o n  plasma f requency .  
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